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A phase field model with two phase fields, representing the concentration and the head-tail sepa-
ration of amphiphilic molecules, respectively, has been constructed using an extension of the Ohta-
Kawasaki model (Macromolecules 19, 2621-2632 (1986)). It is shown that this molecularly-informed
phase field model is capable of producing various self-assembled amphiphilic aggregates, such as bi-
layers, vesicles and micelles. Furthermore, pathways connecting two opposed bilayers with a fusion
pore are obtained by using a combination of the phase field model and the string method. Multiple
fusion pathways, including a classical pathway and a leaky pathway, have been obtained depending
on the initial separation of the two bilayers. The study shed light to the understanding of membrane
fusion pathways and, more importantly, laid a foundation for further investigation of more complex
membrane morphologies and transitions.
I. INTRODUCTION
Membrane fusion is a structural transformation in
which two initially separated lipid bilayers merge their
hydrophobic cores, resulting in one interconnected struc-
ture. The fusion of two opposed lipid bilayers is a fun-
damental step in many important biological processes
ranging from endocytosis and exocytosis, synaptic re-
lease, and viral infection to fertilization [1–6]. The fusion
transformation rate and structure depend sensitively on
the transition pathway connecting different intermediate
states of the system. Therefore, understanding the struc-
ture and energetics of fusion pathways is very important
and it has attracted much attention. An intuitively at-
tractive pathway, the so-called classical pathway, con-
necting two opposed bilayers to a fusion pore was pro-
posed by Kozlov and Markin [7, 8]. It is assumed that
all the morphologies or structures along this pathway are
rotationally symmetric. As the first step of the fusion
transition, a highly curved intermediate structure, the so-
called stalk [9, 10], is formed by connecting two opposed
cis monolayers. In the second step, the displacement of
the two inner cis leaves and two outer trans leaves re-
sults in the formation of a structure termed hemifusion
diaphragm[11, 12]. Finally, the rupture of this hemifu-
sion diaphragm creates a fusion pore[2, 13]. Besides the
classical pathway, other fusion pathways have been pro-
posed. One non-classical pathway is the so-called leaky
pathway where a stalk-hole complex configuration[14, 15]
is formed. Some evidence of the formation of the leaky
fusion pathway has been reported in some experimental
studies [16–20], revealing that there is a path connecting
the interior of the cells to the outside. Another evidence
of the leaky fusion pathways is that mixing of the lipids in
the cis leaves and trans leaves has been reported [21, 22].
In the literature, various membrane models have been
developed to study the structure of membranes and the
process of membrane fusion. Atomistic models are able
to provide details of the molecular structure. However,
molecular dynamics (MD) simulations of atomistic model
of lipid bilayers [23] could only extend to systems of
the order of a few nm over a time span about 0.1ns.
The huge disparity between the capability of MD simu-
lations and the length and time scale of membrane fu-
sion made it virtually impossible to simulate the fusion
pathways using atomistic model. In order to overcome
this barrier, coarse-grained models, such as the Mini-
mal model [24, 25] and the Systematic coarse-graining
model [26], have been introduced. These models reduce
the number of degrees of freedom, resulting in a signifi-
cant computational speed-up at the cost of atomistic de-
tails. At an even coarser scale, continuum models, such
as the Helfrich elasticity model [9], have been developed
for the study of membrane structures and morphologies.
It is desirable to develop theoretical models at the meso-
scopic scale that could connect the molecular and con-
tinuum models.
One possible framework to develop a mesoscopic model
for membrane fusion is the phase field model, which is a
popular approach for the study of moving interface prob-
lems [27]. It is natural to apply this framework to the
study of membrane fusion because the membrane could
be regarded as a boundary separating the trans and cis
sides of the cell.
Within the framework of the phase field model, the
physical state of a particular system is described by a
continuous phase field which takes different constant val-
ues in different phases. The different phases are further
connected via smooth interfaces that are in turn deter-
mined by certain energy functional of the phase field.
Over the years, various phase field models have been de-
veloped and applied to a broad-range of problems, such as
solidification, solid-state phase transition, coarsening and
grain growth, etc [28–30]. The application of phase-field
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2method in study of vesicle membrane is first proposed by
Du et al. [31], initially focusing on the shape transforma-
tion of single component vesicle. Later applications of
phase field model to membranes include the structure of
a multi-component vesicle [32], a vesicle interacting with
a surrounding fluid [33], and the adhesion of a vesicle to
a substrate [34]. These studies provide interesting under-
standing of and insight into the morphological change of
vesicles. However, in these phase field studies the lipid
membranes are treated as a structureless elastic surface.
As such, important structural information about the bi-
layer nature of the membrane is missing in these simple
phase field models.
In this paper, we fill this gap by proposing a phase
field model that contains molecular information of the
amphiphiles. Specifically, we introduce two phase fields,
representing the concentration distribution and head-
tail separation of the amphiphilic molecules, respectively.
The energy (or free energy) functional governing the for-
mation and structure of the bilayers is derived based on
the Ohta-Kawasaki model, which is a free energy func-
tional of a specific amphiphilic molecules, i.e., diblock
copolymers. The two phase fields describe the macro-
scopic phase separation between the amphiphiles and sol-
vent and microscopic phase separation between the hy-
drophilic heads and hydrophobic tails of the amphiphiles,
respectively. The energy functional of the proposed phase
field model is in the form of a generalized Landau free en-
ergy functional containing a number of parameters. The
molecular interactions between solvent, amphiphile head
and amphiphile tail are encoded in these parameters.
Within this molecularly-informed phase field model, the
bilayer structure is produced naturally from minimiza-
tion of the free energy. Therefore, the resulting fusion
pathways automatically contain the structural detail of
the bilayers. The advantage of this model is its abil-
ity to provide a more faithful description of membrane
structures and transition pathways, in contrast to the
previously proposed simple phase field model with one
phase field. As a first step to validate the model, we
have obtained numerically the bilayer, liposome and mi-
celle, as equilibria configurations of the model. Further-
more, we also obtained at least four solutions (bilayers,
a stalk, a diaphragm and fusion pore) that are solutions
of the Euler-Lagrange equation of the free energy func-
tional. These solutions correspond to the intermediate
states along the classical fusion pathway. Previous stud-
ies of membrane fusion mainly focused on the transition
from two apposing bilayers to the stalk [35, 36] rather
than the entire transition pathway from two opposing bi-
layers to stalk, from stalk to hemifusion diaphragm and
from hemifusion diaphragm to fusion pore. In the current
study, we are able to obtain the full fusion pathways using
the new phase field model. In what follows, we present
two complete membrane fusion pathways. Specifically,
when the two opposed bilayers are in close proximity,
we find a symmetric classical fusion pathway. However,
when the two opposed bilayers are separated by a gap,
we find an asymmetric leaky fusion pathway which passes
through a stalk-hole complex configuration.
The rest of the paper is organized as follows. In Sec-
tion II, we present the derivation and explanation of the
phase field model in the form of a generalized Landau
free energy functional. In Section III, we describe the
numerical method used in the current work to compute
the free energy minimizers and the transition pathways.
In Section IV, we give the main results on the fusion
pathways. Finally, Section V contains some concluding
remarks.
II. MODEL DEVELOPMENT
Bilayer membranes are self-assembled from lipid
molecules in water. As such, the development of a phase
field model for the study of bilayer membranes must re-
flects the fact that lipids are amphiphilic molecules com-
posed of a hydrophilic head and hydrophobic tails. As a
generic model, we assume that the system is composed
of amphiphilic molecules with a hydrophilic head A and
hydrophobic tail B and solvents C. If a detailed model of
the molecules is given, the property of the system could
be studied by using standard tools of statistical mechan-
ics such as mean-field theory and simulations. On the
other hand, our purpose is to develop a phase field model
containing information about the essential feature of dif-
ferent molecular species. Our derivation of the phase field
model is motivated by the work of Ohta and Kawasaki,
who have derived a Landau free energy functional of di-
block copolymers, which could be regarded as a generic
model of amphiphilic molecules. Specifically, we use the
functional form of the free energy expansion developed
for a system composed of AB diblock copolymers and C
homopolymers [37]. Treating the diblock copolymers as
an analogue of a lipid molecule and the homopolymers
as solvents, we can write down a generic Landau free
energy for the system. In the original form of the Ohta-
Kawasaki (OK) model [38], the parameters of the free
energy expansion are derived from the molecular model.
In our approach, we will adopt the functional form of the
free energy while treat the parameters of the model as
phenomenological parameters, as commonly done in the
development of phase field models.
Specifically, we assume that the state of the system is
described by two independent phase fields or order pa-
rameters, η and φ. Here the phase field η represents
the concentration of the amphiphilies (AB copolymers),
thus η is an order parameter or phase field describing the
macroscopic smacroscopic phase separationeparation of
the amphiphiles and the solvents. On the other hand, the
phase field φ represents the difference between the local
volume fraction of the head A and tail B, so it describes
the microscopic phase separation between the heads and
tails. Following the derivation of Ohta and Kawasaki and
assuming that our system is incompressible, the free en-
ergy of the mixture of amphiphiles and solvents can be
3written as a sum of short-range and long-range contribu-
tions [37],
F{η, φ} = FS{η, φ}+ FL{η, φ}, (1)
where the short range contribution FS to the free energy
is given by,
FS{η, φ} =
∫
dr
[c1
2
|∇η|2 + c2
2
|∇φ|2 + W(η, φ)
]
, (2)
where the coefficients c1 and c2 are parameters governing
the thickness of macroscopic phase separation interface
and microscopic phase separation interface, respectively.
In the expression of FS , the local contribution is specified
as a polynomial of the phase fields,
W (η, φ) =
(η2−1)2
4
+
(φ2−1)2
4
+ b1ηφ− b2
2
ηφ2 − b3
2
φη2 +
b4
2
η2φ2.
(3)
The first two terms in Eq. 3 exhibit double-well po-
tential for η and φ, respectively, and the rest terms in
Eq. 3 describe the coupling between the amphiphiles
(AB copolymers) and the solvents (C). The coefficients
b1, b2 and b4 are positive constants. In the original
Ohta-Kawasaki model developed for mixtures of diblock
copolymers and homopolymers, these parameters are re-
lated to the molecular parameters [37, 39, 40] and could
be derived in principle by the generalized method given
in [38]. However, in the current work we will treat these
parameters as phenomenological ones. We will adjust
these parameters such that the potential W (η, φ) has a
triple-well potential structure with three distinct minima
corresponding to the phases of head A, tail B and solvent
C, respectively. Furthermore, the parameters will be cho-
sen such that the head A-segments are localized at the
interface between solvents and amphiphiles.
The fact that the head and tail of the amphiphilic
molecules are linked together leads to the long-range con-
tribution FL to the free energy. Following the Ohta-
Kawasaki model, the long-range contribution can be writ-
ten in the form,
FL{η, φ} =
∫
dr
∫
dr′ G(r, r′)
[α
2
δφ(r)δφ(r′)
+ βδφ(r)δη(r′) +
γ
2
δη(r)δη(r′)
]
,
(4)
where the Green’s function G(r, r′) is defined by the re-
lation −∇2G(r, r′) = δ(r−r′), the field variables δη =
η − η¯, δφ = φ − φ¯ with η¯ and φ¯ representing the spatial
average of η and φ, respectively. Again the coefficients α,
β and γ are related to the molecular parameters of the
model system, For the case of mixtures of diblock copoly-
mers and homopolymers, these coefficients are specified
by the molecular weights of the different blocks. In the
current work, we take these coefficients as phenomeno-
logical parameters. For simplicity, we assume β = γ = 0
solvent
hydrophobic 
        tail
hydrophilic 
     head
FIG. 1: Contour plot of W (η, φ) given in Eq. 3. Three min-
ima represent hydrophilic head, hydrophobic tail and solvent,
respectively.
and take α as a positive coefficient. When α = 0, there
is no linkage between the head and tail so the system
would phase separate macroscopically. For the cases with
α > 0, the long range interaction originated from the
head-tail linkage, would lead to microscopic phase sepa-
ration, which is the key to producing the various mem-
brane configuration such as bilayer, stalk, etc.
The values of the coefficients specifying the free en-
ergy are chosen according to the physical behaviour of
the system. After extensive numerical tests, we de-
cided to choose b1 = 0.04, b2 = 0.25, b3 = 0.425
and b4 = 0.85, such that the bulk free energy W (η, φ)
has three minima as shown in Fig. 1. These minima
are located at (η, φ) = (0.915,−0.831) for hydropho-
bic tail, (η, φ) = (0.106, 1.038) for hydrophilic head and
(η, φ) = (−1.029,−0.378) for solvent. We further assume
α = 0.008 and c1 = 0.6, c2 = 1. Our numerical solutions
showed that this choice of the parameters produced rea-
sonable solutions corresponding to self-assembled bilayer
membranes.
III. NUMERICAL METHOD
Within the framework of the phase field model, the
task of studying stable and metastable structures of the
model system is to obtain solutions of the Euler-Lagrange
equation of the free energy functional, that is, to obtain
solutions minimizing the free energy. For the free energy
functional given above, the Euler-Lagrange equations are
specified by
δF
δη
=
δF
δφ
= 0.
4Instead of solving this set of nonlinear and non-local
equations directly, it is more efficient to obtain the solu-
tions using a dynamic approach. Because the phase fields
of our model are conserved order parameters satisfying
the constraints
∫
Ω
(η − η¯)dr = 0 and ∫
Ω
(φ − φ¯)dr = 0,
the most convenient dynamic model is the Cahn-Hilliard
model designed for conserved order parameters. Accord-
ingly, the stable and metastable structures of our phase
field model are obtained as the steady-state solutions of
two coupled dynamic equations,
∂η
∂t
= L1∇2 δF
δη
= L1(∇2f1 −∇2η
+ b1∇2φ− c1∇4η − βδφ− γδη),
∂φ
∂t
= L2∇2 δF
δφ
= L2(∇2f2 −∇2φ
+ b1∇2η − c2∇4φ− αδφ− βδη),
(5)
where L1 and L2 are mobility coefficients that will be
set as L1 = L2 = 1 in our numerical calculations. Fur-
thermore, for convenience we have defined two nonlinear
terms specified by,
f1{η, φ} = η3 − b2
2
φ2 − b3φη + b4ηφ2,
f2{η, φ} = φ3 − b2ηφ− b3
2
η2 + b4η
2φ.
Starting from a given initial configurations, the phase
fields will be evolved according to the the dynamic equa-
tions of Eq.5. The steady-states of the dynamic equations
are then taken as solutions, corresponding to different
stable or metastable structures, of the phase field model.
The dynamic phase field model specified above is a
generic model valid in any spatial dimensions. However,
the results reported in the paper were obtained by car-
rying out numerical calculations of the system in two-
dimension. This choice was made because the main focus
of the current paper is to construct the phase field model
based on molecular information and to demonstrate the
validity of the model using simple examples. Specifically,
our simulations were carried out in a two-dimensional do-
main of the size Ω = [0, 128]×[0, 256]. The computational
domain is discretized using a 128×256 square lattice with
periodic boundary conditions. We use a first-order semi-
implicit scheme in time with ∆t = 0.2. The discrete
dynamic equations are given by,
η(n+1) − η(n)
L1∆t
=∇2f (n)1 −∇2η(n+1) + b1∇2φ(n+1)
− c1∇4η(n+1) − βδφ(n+1) − γδη(n+1),
φ(n+1) − φ(n)
L2∆t
=∇2f (n)2 −∇2φ(n+1) + b1∇2η(n+1)
− c2∇4φ(n+1) − αδφ(n+1) − βδη(n+1),
where (η(n), φ(n)) is the current value of η and φ, and
(η(n+1), φ(n+1)) is their next updated value. The non-
linear terms are defined by f
(n)
1 = f1{η(n), φ(n)} and
f
(n)
2 = f2{η(n), φ(n)}.
In order to obtain transition pathways connecting dif-
ferent local minima of the phase field model and the cor-
responding energy barrier of the transitions, the string
method[41, 42], which is an effective numerical method
to obtain minimum energy paths (MEPs) correspond-
ing to the most probable transition pathways, is applied
to our model free energy functional. It is noted that
the string method has been successfully used on parti-
cle model to investigate the transition between two op-
posed membranes to a stalk[36] and to field-theoretical
model to study the pore formation[43]. One complica-
tion of applying the string method is that our phase fields
are conserved order parameters, so that the computation
of MEP and critical nucleus is subject to the constraint∫
Ω
(η − η¯)dr = 0 and ∫
Ω
(φ − φ¯)dr = 0. This constraint
could be treated using constrained string method[44]. It
is noted that several equivalent formulations such as the
Lagrange multiplier method or the augmented Lagrange
multiplier method could also be used to obtain MEPs.
Since we have used Cahn-Hillard equations to find the
stable and metastable states, it is effective and natural
to apply Cahn-Hilliard type dynamics rather than the
Allen-Cahn dynamics with additional Lagrange multi-
plier. We also notice that this method has been proposed
in [45].
In the numerical implementation of the string method,
the initial string is constructed using a linear interpo-
lation parameterization connecting the two minima of
the system. Specifically, the two ends are specified by
the two minima, which are then used to generate the
intermediate nodes. Let {ηni , φni }, i = 0, 1, ..., N , denotes
the i-th node on the string at n-th time step, the steps
to obtain the MEP are as follows:
• Step 1 : evolution of the string according to the
Cahn-Hilliard equations.
η∗i − η(n)i
L1∆t
=∇2f1(n)i −∇2η∗i + b1∇2φ∗i − c1∇4η∗i
− βδφ∗i − γδη∗i ,
φ∗i − φ(n)i
L2∆t
=∇2f2(n)i −∇2φ∗i + b1∇2η∗i − c2∇4φ∗i
− αδφ∗i − βδη∗i ,
• Step 2 : string reparametrization with a linear in-
terpolation which conserves concentration parame-
ter. The arc lengths corresponding to the current
images are given by,
s0 = 0,
si = si−1 + |η∗i − η∗i−1|2 + |φ∗i − φ∗i−1|2, i = 1, 2, ..., N.
The mesh is then obtained by normalizing
{α∗i } = sisN . The new string with equal arc length
spacing, { iN , ηn+1i , φn+1i }, is obtained by using
linear interpolation from the data {α∗i , η∗i , φ∗i }.
5• Finally, the string of morphologies converges to the
MEP.
For a given steady-state string corresponding to a MEP
connecting two minima, the node with highest free energy
represents the transition state. This state is an unstable
saddle point and the energy barrier between the two min-
ima can be calculated by the energy difference between
the initial reactant and the transition state.
IV. NUMERICAL RESULTS: EQUILIBRIUM
STRUCTURES AND FUSION PATHWAYS
Under different conditions (such as the electrolyte or
lipid concentration, pH, and temperature), lipids can as-
sociate into various structures in aqueous solutions. As
the conditions change, the self-assembly structure could
transform from one to another[46]. In the phase field
model, the parameters controlling the equilibrium struc-
tures are the average concentration of the amphiphiles, η¯.
At different values of η¯, different equilibrium structures
were obtained. Specifically, a planar bilayer structure
(Fig. 2A) is obtained as a stable state of the free energy
when η¯ = −0.625. Decreasing the value of η¯ results in the
formation of a liposome (Fig. 2B), i.e., a spherical vesicle
with one bilayer as the steady state. Further decreasing η¯
leads to the formation of a micelle (Fig. 2C) as the mini-
mizer of the free energy. In the micelle, the hydrophobic
tail are packed in the core surrounded by the hydrophilic
heads. The fact that these different structures have been
obtained as solutions minimizing the free energy of our
phase field model demonstrates that our model system is
capable of describing the equilibrium structures of am-
phiphilic solutions.
The first step of membrane fusion is to bring them into
close contact. It is believed that certain fusion peptides
embedded in the membranes play an important role in
this initial step [47, 48]. In the current work, we assume
that this initial step has already been accomplished such
that two opposed bilayers have been brought into close
contact. For a model system composed of two opposite
membranes in close proximity, the phase field model ad-
mits four steady-state solutions shown in Fig. 3 corre-
sponding to (1) opposite bilayers (Fig. 3A), (2) stalk
(Fig. 3B), (3) diaphragm (Fig. 3C) and (4) fusion pore
(Fig. 3D). For the case of two opposite bilayers in close
contact (Fig. 3A), there are no solvent molecules between
the membranes. The hydrophilic heads in the opposed cis
leaves are in close contact, forming a sandwich-like struc-
ture with one hydrophilic layer between two hydrophobic
layers. The stalk shown in Fig. 3B is an hourglass-like
structure, in which the hydrophilic and hydrophobic lay-
ers are deformed resulting in a hydrophobic bridge. The
structural change from two opposite bilayers (Fig. 3A)
to a stalk (Fig. 3B) is localized in the central region of
the system. It is found that the stalk has the highest
free energy among the four steady-state structures which
means it is less stable than the other structures. The
micelle
bilayer
liposome
1
-0.7
0
1
-1
0
Schematic 
Diagram
A
B
C
FIG. 2: Three equilibrium structures: bilayer(A) at η¯ =
−0.625, φ¯ = 0.005, liposome(B) at η¯ = −0.7, φ¯ = 0.004 and
micelle(C) at η¯ = −0.94, φ¯ = 0.0008. The first column shows
the schematics of the structures, the second and third column
show the spatial distributions of the η and φ fields. In the plot
of η, solvent molecules are represented by dark blue and am-
phiphilic molecules are indicated by yellow. In the plot of φ,
solvent molecules are presented by green, hydrophilic head by
yellow and hydrophobic tail by dark blue.
structure of the diaphragm (Fig. 3C) could be viewed
as a stretched stalk with only one bilayer in the middle
of the morphology. Finally, the fusion pore (Fig. 3D)
is a structure with a pore formed resulting in the fusion
of membranes. When the fusion pore is formed, the two
vesicles become connected through the pore. It is found
that the fusion pore has the lowest free energy among
four steady-state structures and is the most stable struc-
tures.
 
bilayer fusion porediaphragmstalk
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FIG. 3: Four steady states with no solvent between mem-
branes correspond to bilayers (A), stalk (B), diaphragm (C)
and fusion pore (D), respectively. Pictures in the first row
are schematics of lipid molecules where green head with two
orange tails indicates cis monolayer molecules and blue head
with two pink tails indicates trans monolayer molecules. Pic-
tures of φ with φ¯ = 0.01, η¯ = −0.4 are in the second row.
For the case of two bilayers in close contact, a MEP
connecting these four steady states (bilayers, stalk, di-
aphragm and fusion pore) has been obtained by applying
the string method to the phase field model. This MEP
shown in Fig. 4 corresponds to the complete classical
transition pathway and it is the most probable transi-
tion path from two opposite bilayer membranes to a fu-
sion pore. Along the transition pathway from bilayers
610 20 30 40 50 60
Nodes
10 20 30 40 50 60
Nodes
10 20 30 40 50 607845
7850
7855
7860
Nodes
En
er
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A CB
FIG. 4: Transition pathway of classical path with no solvent between two bilayers. (A-C) depict paths from two opposed bilayer
to stalk, from stalk to diaphragm and from diaphragm to fusion pore, respectively. In each picture the first and last node on
the string are steady states and the saddle points in (A-C) are the 33th, 12th and 25th node of string, respectively.
to stalk (Fig. 4A), the membrane becomes thinner in
the middle of the system. A critical state, correspond-
ing to the maximum of the energy along the MEP, is
reached when the two initially separated hydrophilic re-
gions touch each other (Fig. 4A) initiating a hydrophobic
bridge connecting the top and bottom hydrophobic lay-
ers. After the critical state, the energy decreases along
the MEP when the hydrophobic bridge widens until a
stalk structure is formed. The transition from two oppo-
site bilayers to the stalk has been studied by a number of
researchers [15, 49]. One noticeable observation is that
there is a relatively large energy barrier to form the crit-
ical state along this MEP. Therefore the transition from
two opposite bilayers to a stalk needs to over come a large
energy barrier, thus the process would not occur spon-
taneously in general. In order to overcome the energy
barrier, fusion proteins such as SNARE proteins, synap-
totagmin and influenza hemagglutinin are needed, which
could be inserted into a membrane to induce local bend-
ing [50–52]. Along the transition pathway (Fig. 4B) from
the stalk to diaphragm, the hydrophobic bridge expands
horizontally and shrinks vertically, resulting in the di-
aphragm composed of a bilayer connecting two sandwich-
structures. The transition pathway from the diaphragm
to fusion pore is shown in Fig. 4C. It is interesting to
note that the pore is not formed by rupturing the bilayer
in the middle of the diaphragm. Rather, it is observed
that the diaphragm contracts horizontally until a criti-
cal state, in which the two bilayers are connected by a
nipple-like structure, is reached. After this critical state,
a pore is formed connecting two interior sides of the bi-
layers. The energy of the system decreases as the pore
becomes larger until a steady state corresponding to the
fusion pore is reached.
In reality, the two opposite bilayers may not be in close
contact. In this case a small gap composed of solvent
molecules exists between the two bilayers. When there
is a gap between the two opposed bilayers, the phase
field model still possesses four steady-state solutions cor-
responding to the state of bilayers (Fig. 5A), stalk (Fig.
5B), diaphragm (Fig. 5C) and fusion pore (Fig. 5D).
These structures are similar to the corresponding steady
states of the case when two opposite bilayers are in close
contact with the exception that there is a gap between
the two bilayers. Computationally, the free energy of
the phase field model is minimized when the distance
between the two bilayers is equal to a fixed value, which
depends on the parameters. One can observe that, at the
left and right boundaries, the distance between the two
bilayers almost stay unchanged during the whole fusion
process. Experimentally, a gap between two opposite bi-
layers could be maintained via a number of mechanisms.
In the experiments reported in [5], a fixed distance due
to the balance of Van der Waals attraction and hydration
repulsion is observed. The distance between electrically
neutral bilayers ranges from 1.2 to 2.2nm [53], which is
about one or two membranes thickness. From the com-
putational results shown in Fig. 5, it is noted that the
membranes in stalk (Fig. 5B), diaphragm (Fig. 5C) and
fusion pore (Fig. 5D) are heavily curved when compared
to the structures in Fig. 3. The large bending of the
bilayers is caused by the distance between the two mem-
branes. In the stalk (Fig. 5B) and diaphragm (Fig. 5C)
configurations, as the membranes were dented, differently
curved monolayers contact each other. However, the hy-
drophobic tails could not be compactly arranged where
hydrophobic interstices are formed as indicated by the
red circles in Fig. 5.
The existence of hydrophobic interstices will hinder
the transition between the stalk and diaphragm config-
urations. We tried to obtain a rotationally symmetric
MEP for the case of two opposite bilayers with a gap
between them and discovered that there exists an un-
stable high-energy intermediate state between the stalk
and diaphragm in which the two interstices merge into a
relatively large one. When the condition of rotational
symmetry is relaxed, we obtained a steady state cor-
responding to a new stalk-hole complex composed of a
hole near stalk (Fig. 6A). Previous simulations [15] have
shown that the formation of holes is correlated in time
and space with the formation of stalks and the presence
of a stalk encourages a hole to form nearby. The exis-
tence of a stalk-hole complex as a steady state along the
MEP is consistent with these simulations. It is informa-
7bilayer fusion porehemifusionstalk
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FIG. 5: Four steady states correspond to bilayer (A), stalk
(B), diaphragm (C) and fusion pore (D), respectively. Pic-
tures in the first row are detail displacement of lipid molecules
where green head with two orange tails indicates cis mono-
layer molecules and blue head with two pink tails indicates
trans monolayer molecules. Pictures of φ are with η¯ = −0.25
in the second row. Red circles indicate the place of dimples.
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FIG. 6: (A) Stalk-hole configuration. The upper image is the
sketch of stalk-hole complex. Green and blue balls represent
hydrophilic heads of cis and trans leaves, respectively, orange
and pink curves represent hydrophobic tails of cis and trans
leaves, respectively. The lower image is simulation result of φ
with η¯ = −0.25. (B) The red line with green bead and blue
line and blue bead indicates MEP of stalk perforation and
bilayer perforation, respectively.
tive to compare the energy barrier of bilayer perforation
MEP with stalk perforation MEP (Fig. 6B). The energy
of the stalk-hole steady state is lower than bilayer-hole
steady state, indicating that a hole with a stalk nearby
is more stable. The energy barrier of stalk perforation
MEP is only 76% of that of bilayer perforation MEP,
i.e., the stalk structure facilitates the formation of hole.
However, the stalk-hole complex configuration still has
higher energy than steady states in Fig. 5.
When the condition of rotational symmetry is not
maintained, a different MEP going through the stalk-hole
configuration has been obtained. The complete leaky
transition pathway shown in Fig. 7A-D is the MEP con-
necting the steady states corresponding to the bilayers,
stalk, stalk-hole complex, diaphragm and fusion pore.
In Fig. 7A bulges emerge from the middle of two ini-
tially flat bilayers. The shape of the inner cis mono-
layers and the outer trans monolayers deform simulta-
neously to maintain a constant thickness of membranes.
The cis monolayers touch first with two stretched tips
and the hydrophilic core which separates the hydropho-
bic passage is broken through. When the passage is as
wide as one bilayer, a stalk is formed. In Fig. 7B, a
hole emerges near the stalk in the upper membrane and
the lipid molecules surrounding it are rearranged so that
the hydrophobic tails are separated from solvent by hy-
drophilic heads. With a hole, the inside and outside sol-
vent is connected which means the existence of a leakage.
In Fig. 7C, the upper right membrane is connected to
lower right membrane. After adjustment, diaphragm is
formed. It is noteworthy that the cis leaf and trans leaf
mix together. From diaphragm to fusion pore (Fig. 7D),
the connection between left and right part changes from
one bilayer to a nipple-structure, which is the critical
state. After the nipple-structure disappears, the energy
is decreasing as the distance between left and right part
membrane is larger, until the fusion pore is reached. The
energy barrier of the MEP from bilayer to stalk without
solvent between two bilayers (Fig. 4A) is greatly lower
than that with solvent (Fig. 7A), while the energy bar-
rier of MEP from diaphragm to fusion pore (Fig. 4C) is
almost the same as the energy barrier in Fig. 7D. The
energy barrier from stalk to diaphragm in the classical
transition path (Fig. 4B) compared with that from stalk
to diaphragm via stalk-hole complex (Fig. 7B-C) is much
lower.
V. CONCLUSION AND DISCUSSION
In this work, we propose a molecular-informed phase
field model for the study of structural transitions of self-
assembled bilayers from amphiphilic molecules dissolved
in hydrophilic solvents. We emphasize that, in order to
describe the details of the bilayer structures, the phase
field model has to be developed using information of the
molecular properties of the system. In the case of am-
phiphilic molecules dissolved in solvents, the fact that an
amphiphilic molecule is composed of hydrophilic and hy-
drophobic parts requires a model system which is capable
of describing the microscopic phase separation of the hy-
drophilic heads and hydrophobic tails. We introduce two
phase fields to describe macroscopic solvent/amphiphile
separation and microscopic amphiphilic head/tail sepa-
ration, respectively. The energy functional of the phase
field model, or the Landau free energy of the system, is
developed by extending the theory of block copolymers
proposed by Ohta and Kawasaki. The molecular infor-
mation is encoded in the phase field energy functional.
In particular, the fact that the hydrophilic heads and hy-
drophobic tails are connected to form one molecule is de-
scribed by the long-range term of the energy functional.
This phase field model is capable of predicting the for-
mation of self-assembled bilayers. A combination of the
phase field model and the string method is used to obtain
minimum energy paths connecting two opposite bilayers
with a fusion pore. In the case of membrane fusion, we
obtained two complete transition pathways from two op-
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FIG. 7: (A-D) depict transition pathways of leaky path from two opposed bilayer to stalk, from stalk to stalk-hole, from
stalk-hole to diaphragm and from diaphragm to fusion pore, respectively. In each picture the first and last node on the string
are steady states and the saddle point in (A-D) is the 42th, 16th, 40th and 29th node of string, respectively.
posed bilayers to fusion pore. When the two opposite
bilayers are in close contact, a MEP corresponding to
the classical transition pathway is obtained. It is noted
that the classical transition path has been proposed pre-
viously. The results obtained in the current work are in
agreement with available results. When the two opposite
bilayers are separated by a small gap, a different MEP,
corresponding to a leaky transition pathway is obtained.
This MEP is characterized by the presence of a stalk-hole
complex as an intermediate state. The structural features
and information about phase transition processes, such
as transition state and energy barrier, are contained in
the results naturally.
Numerical study of the proposed phase field model can
be naturally extended to 3D membrane fusion computa-
tion. More features of stalk-hole complex configuration
would be revealed in 3D calculations and the leaky tran-
sition pathway through stalk-hole complex configuration
may also be different. More MEPs from two opposed bi-
layers to a fusion pore should be expected. In the current
work, we focus on the model development and validation,
and we will leave the extended 3D calculations to future
study.
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